This paper proposes a new approach to design pinion machine tool-settings for spiral bevel gears by controlling contact path and transmission errors. It is based on the satisfaction of contact condition of three given control points on the tooth surface. The three meshing points are controlled to be on a predesigned straight contact path that meets the pre-designed parabolic function of transmission errors. Designed separately, the magnitude of transmission errors and the orientation of the contact path are subjected to precise control. In addition, in order to meet the manufacturing requirements, we suggest to modify the values of blank offset, one of the pinion machine tool-settings, and redesign pinion machine tool-settings to ensure that the magnitude and the geometry of transmission errors should not be influenced apart from minor effects on the predesigned straight contact path. The proposed approach together with its ideas has been proven by a numerical example and the manufacturing practice of a pair of spiral bevel gears.
1 Introduction 1 Spiral bevel gears are among the key components of aerospace power plants in general, helicopter gear drives in particular, which regard the meshing performance, endurance and reliability as critical safety factors. Therefore, designing spiral bevel gears has all the time been drawing close attention of researchers in many companies and institutions. The requirements of reducing noise level and increasing endurance of spiral bevel gears have raised a formidable challenge to designers too [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The bases for designing low-noise spiral bevel gears with localized bearing contacts were presented in Refs. [1] [2] [3] [4] [5] [6] [7] [8] . In order to absorb larger errors in alignment and have better stability, the contact path should be designed to be a straight line. As transmission errors are mostly blamed for noise and vibration in gearing systems, the transmission errors of parabolic type are considered to be able to absorb linear discontinuous effects caused by misalignment referred to as the main source of noise [3] [4] [5] 7] . In some cases, the machine tool-settings designed by way of the existing local synthetic method are well beyond the appropriate applicable range of the machine.
In this paper, a new integrated approach is proposed on the base of meeting the contact conditions inclusive of the predesigned parabolic function of transmission errors and the specifically oriented straight contact path through three given control points on the tooth surface. As a result, as early as in the designing stage, the operating performance could be controlled. In addition, the values of blank offset can be so modified as to be within the appropriate range of the machine without any influence on the magnitude of transmission errors apart from there being minor effects on the predesigned linear contact path.
The proposed approach is based on the following assumptions:
(1) The gear machine tool-settings are predetermined and can be adopted [1] [2] .
(2) The main input parameters are 2 and 21 m' . Of them, 2 determines the orientation angle of the predesigned straight contact path, and 21 m' the second derivative of the transmission function, which determines the predesigned magnitude of the parabolic function of transmission error. In this paper, the values of 2 and 21 m' are given in advance, but, in practices, they can be optimized depending on the applied loads to obtain the favorable meshing performance through the loaded tooth contact analysis (LTCA).
Active Tooth Surface Design by Three
Given Meshing Points
After the three control meshing points have been determined on the gear surface by the predesigned straight contact path and the parabolic function of transmission errors, the pinion machine toolsettings can be determined [14] . Fig.1 shows the three contact points on the gear tooth surface. 2 is the pitch angle of the gear. The contact path is designed to be a straight line and 2 is the orientation of contact path. Z can be determined. At the mean contact point M 0 , the instantaneous transmission ratio is equal to the gear ratio. Usually this point is chosen to be in the middle of the tooth surface, and its location can be adjusted according to design requirements. The rotation angles of the gear 
Determination of three contact points

Determination of transmission errors
The transmission error function is represented by
where i (i=1,2) is the rotation angle of the pinion (i=1) or the gear (i=2) in the process of meshing, and Z i the tooth number of the pinion (i=1) or the gear (i=2). The parabolic function of transmission error is represented by 0 2 2 2 1 1 1
where 21 m' is the derivative of the transmission ratio. 2 is determined as follows
The rotation angles of gear 
Determination of orientation of contact path
As the contact path is designed to be a straight line, the three meshing points M 0 , M 1 and M 2 are on it. The meshing equation between the gear surface 2 and the pinion surface 1 at the contact point
where n and 12 v are the unit normal and the relative velocity at the meshing point, g and g represent the surface coordinates of the gear tooth surface.
Based on the location of the contact point M 0 and the given orientation of contact path 2 , the location of the contact point M 1 can be determined.
By solving Eqs. (3)- (5), the position vector and unit normal of the point M 1 at the gear surface 2 can be obtained. The position vector and the unit normal of the point M 2 at the surface 2 can also be determined the same way. Fig .2 shows the coordinate systems for pinion generation. The coordinate systems S m1 , S c and S b are fixed on the machine. The pinion machine root angle 1 determines the orientation of S b with respect to S m1 . X G1 is the machine center to back for generation of pinion; E m1 the blank offset and X B1 the sliding base. The cradle coordinate system S p rotates about the Z m1 -axis. The angle p is the current rotation angle of the cradle in the process of generation. The coordinate system S f is connected rigid to the pinion head-cutter, which in the process of generation performs rotation with the cradle (transfer motion) and relative motion with respect to the cradle about the Z f -axis. The movable coordinate system S 1 is connected rigid to the generated pinion and rotates about the X b -axis. The angle 1 is the current rotation angle of pinion in the process of generation. can be determined. Then by transforming the coordinate from S f to S m1 , the unit normal m1 n of pinion-cutter-generating surface in S m1 can be determined. Since the axis of S m1 is parallel to the axis of S c , the unit normal of contact point in the system S c is equal to that in the system S m1 .The following equation holds true.
Determination of
from which 
As for the points M 1 and M 2 , the position vector equations, which are equivalent to six independent scalar equations with six unknowns, can be used to determine the six unknowns: X G1 , E m1 , of r p , s r1 , q 1 , X B1 and m p1 From the given angle 2 on the contact path 2 , and the length of the major axis of the instantaneous contact ellipse, the principal curvatures and directions at mean contact point M 0 for the pinion head-cutter can be determined with the local synthesis. Then the cutter point radius r p can be determined. Based on the position vectors for the point M 0 in the systems S c and S m1 , the machine tool-settings s r1 , q 1 and X B1 can be determined. Likewise, based on the unit normal for the point M 0 in the system S c and the equation of meshing between the pinion head-cutter and the pinion to be generated, the cutting ratio m p1 can be determined.
Determination
Determination of modified roll
The modified roll means the cutting ratio not being constant in the process of generation. The rotation angle of the cradle p and the rotation angle of the pinion to be generated 1 are related by a polynomial function, usually, of the third order
where C and D are modified roll coefficients.
As the rotation angles 
Redesigning Pinion Machine Toolsettings Based on Blank Offset
If the blank offset, calculated according to Section 2, is well beyond the appropriate applicable range of the machine, it should be modified [15] , and the pinion machine tool-settings be redesigned on the result acquired in Section 2.
Determination of X G1 , r p and m p1 [16]
Principal directions ( f e , h e ) and principal curvatures (k f , k h ) of a pinion tooth surface 1 at the mean contact point M 0 can be determined by local synthesis between the gear tooth surface 2 and the pinion tooth surface 1 . Then using the meshing equation of pinion and head-cutter on the mean contact point M 0 , the machine center to back X G1 can be determined. Based on the Rodrigues formula and the condition of continuous tangency of head-cutter surface p and pinion tooth surface 1 along the line, the following two equations can be obtained [ 
The designations in the equations are identical with those in Ref. [1] .
From Eq.(9), the principal curvatures k s of point M 0 on the cone surface of the head-cutter can be determined while the other principal curvature being zero. Then the cutter point radius r p can be determined. From Eq.(10), the ratio of pinion roll m p1 can be determined.
Determination of modified roll coefficients
(1)
Eqs. (11)- (12) describe the continuous tangency of the pinion and the gear tooth surfaces 1 and 2 , the subscripts 1 and 2 denote the pinion tooth surface and the gear tooth surface, respectively. Eq. (11) indicates that the position vectors of the point on 1 and the point on 2 coincide at the instantaneous contact point in the fixed coordinate system S h , and Eq.(12) that the surface unit normals do at the contact point.
Eqs. (11)- (12) are equivalent to five independent scaler equations with five unknowns. The parameters p and p represent the surface coordinates of 1 , and g and g of 2 . The parameter 1 denotes the rotation angle of pinion in the process of generation at the contact point.
The rotation angles of gear (11)- (12) are not unique. Rather, the different solution determines the different contact point under the same rotation angle of gear 2 . In order to keep the contact point as close to the predesigned contact point as possible, the corresponding parameters of the point M 1 (M 2 ) from Section 2 should be chosen as the initial values of the five unknowns to solve Eq. (11) and Eq. (12) .
An example is taken to show the influences of modification of blank offset on the contact path, of which the design parameters are listed in Table 1 . Fig.3(a) shows the contact pattern designed according to Section 2. The contact path is a straight line and the blank offset calculated is -27.604 mm. Then by assuming the blank offset to be 0 mm, the redesign according to Section 3 is accomplished on the base of the first design. Fig.3(b) shows the contact pattern. The redesign aims at making the values of blank offset within the appropriate applicable range of the machine. Since the rotation angles of pinion at control meshing points are known, and the corresponding rotation angles of gear can be determined from Eq.(3), the modification of blank offset does not change the magnitude of transmission errors. The nonlinear Eqs. (11) and (12) have multiple solutions. The parameters of control meshing points M 1 and M 2 calculated in active tooth surface design (see Sections 2.3 and 2.5) are used to be the initial values to solve equations, so the control meshing points redesigned can be as close to the corresponding points M 1 and M 2 as possible. Although the redesigned contact path has a very small curvature, it still comes extremely close to the straightline shape resulting from the function-oriented active tooth surface design.
In order to absorb larger errors of misalignment, the contact path should be designed to be a straight line. On the other hand, the values of blank offset depend on the appropriate applicable range of the machine. Therefore, the modification of blank offset should be within the appropriate applicable range of the machine and made to reduce the curvature of the contact path as much as possible.
Example of Designing Spiral Bevel Gear
An example of designing a spiral bevel gear has been accomplished to illustrate the proposed approach. The design parameters are listed in Table 1 .
The concave side of the pinion tooth surface and the convex side of the gear tooth surface are considered the driving and driven surfaces, respectively. On the working flank, the geometry of the transmission error is designed to be of a parabolic function; the magnitude of the transmission error is 8.25", and the predesigned contact path orientation is 22º from the root cone. On the non-working flank, the magnitude of the transmission error is designed to be 11.25" and the predesigned contact path orientation 14º from the root cone. Blank offset is assumed to be 0 mm. Table 2 and Table 3 show the machine tool-settings of the gear and the pinion. The results from tooth contact analysis (TCA) are shown in Fig.4 , which include the adjusted contact pattern and the obtained function of transmission errors. 
Experimental
The spiral bevel gear pair designed according to Section 4 is processed by the Phoenix 800PG grinding machine. The actual tooth surfaces are measured on the Mahr's measurement device. The theoretically calculated tooth surface is used as a baseline for comparison. Fig.5 compares the tooth topographies, obtained from the mathematical model and the data measured on the real manufactured gears [18] . For the gear, the maximum surface deviations are 0.015 mm on the convex side and 0.010 mm on the concave side, and for the pinion, the maximum surface deviations are 0.004 mm on the convex side and 0.004 mm on the concave side. Moreover, the maximum deviations are all located far away from the contact area while the deviations on the contact area are near zero. Fig.6 and Fig.7 show the real contact patterns on the working flank and the non-working flank, which are quite consistent with the theoretically calculated results. 
Conclusions
From the computer calculation, simulation and experiment, some conclusions can be made as follows:
(1) The proposed approach to design pinion surfaces is based on controlling three meshing points. The geometry of transmission errors is designed to be a parabolic function and the magnitude can be calculated by derivation of transmission ratio 21 m' , an input variable. The contact path is designed to be a straight line and its orientation can be adjusted. The magnitude of transmission errors and the contact path are designed separately. This provides a better ground for the further design of the transmission errors under loads.
(2) The values of blank offset can be so modified as to have no influences on the magnitude of transmission error apart from there being few of effects on the predesigned straight contact path.
(3) On the Phoenix grinding machine, a spiral bevel gear pair is produced, whose meshing mark verifies the computer-calculated and simulation results.
